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1 Preliminaries

For a Hamiltonian H (viewed as a self-adjoint operator on L? space), we additionally assume that [ has a discrete
spectrum. Then the spectral decomposition of H can be formally written as

H=> Xaltn) (Wnl, M €R, (D

with {1/,,} being a set of Hilbert basis of L?. We denote the resolvent set of H by p(H) and the resolvent operator
by Gy = (M — H)~! for A € p(H). We also call the resolvent operator the Green’s function, which is a common
term in physics and PDE. We can also write down the spectral decomposition of GG as

GAZZW, X € p(H). 2)

For the operator Gy as a bounded operator on L?, we can also view it as an integral operator with kernel
G(r,1’) given by

Grter) = Y2 ) e ), ®

That is because G f € L? can be written as the following integral form

Gr(e) = [ Gnraxpar = 3P0 [y par
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A very useful property of the resolvent operator is that it satisfies the following relation, which is called the
resolvent identity:

M=) = e —H) 7 = _(A;[)_(;j)_ ik (5)
A H) ™ = (A= Hy) ' = 2 ) 6)

(A= Hy)(A— Ha)

In electronic structure theory, we often need to consider the density operator. For a single-particle system, or
independent particle system such as Hartree-Fock or Kohn-Sham density functional theory, the zero-temperature
density operator is defined as

N
P=>"|thn) (¥l (7
n=1

where {1, } are the occupied orbitals and N is the number of electrons. The density operator is a projection
operator, i.e., P2 = P. The range of P is also called the occupied subspace, which is exactly Span({wn}ﬁle).
The occupied space is very important in the context of mean-field calculations of electronic structure, since the HF
or KSDFT energy functional is precisely defined on it. To be more specific, the energy functionals are

Ear = Ear({¥n}), Eprr = EprT({¥n}). 8)

At first glance, it seems that those functionals are defined on the whole set of Hilbert basis with respect to the HF
or KSDFT Hamiltonian operator. However, we know that they are in fact gauge-invariant, i.e., they are invariant
under the unitary transformation of the orbitals. Hence, the physical (not gauge) quantity is actually the occupied
space.

Again, the density operator can be viewed as a bounded operator on L? space, and it can be written as an
integral operator with kernel P(r,r’") given by

N
P(r,x') =) dn(r)uy (). ©)
n=1
We can also obtain the particle number by taking the trace of the density operator, i.e.,
N
Tr(P) = /P(r,r)dr = Z/wn(r)w;(r)dr = N. (10)
n=1

In fact, the integral kernel P(r,r) or the “diagonal” part of the density operator is the electron density, which is a
function of r and can be written as

N N
p(r) = Pa(m)n(r) = [Yu(r)]?, (11
n=1 n=1

which is pivotal in the density functional theory.

For any Borel measurable function F' on the real line, we can in principle employ the functional calculus to
define the operator F'(H ). Recall that H has a discrete spectrum, we can then define the zero-temperature density
operator as

P = 1(—oo,u](H) = Z [Un) (Pnl, neER, (12)

An<p

where p is called the chemical potential or Fermi level. Here we also assume that the spectrum of H satisfies the
gapped condition i.e.
M SANSp<Anyr <o (13)



In physics literature this characteristic function is often called the zero-temperature Fermi-Dirac function denoted
as foo (fg when 8 = oo is used to denote the zero-temperature limit).
We can avoid the use of Borel functional calculus by equivalently defining the density operator using a contour

integral representation
%deA = 7{ (A — H)7td\, (14)
27r1

where the Jordan curve I is a closed contour that encloses only the first NV eigenvalues of H which is the eigenvalues
corresponding to the occupied orbitals.

TDDFT is proposed in 1984 by Runge and Gross [RG84] for solving the time-dependent Schrodinger equa-
tion. However, the rigorous mathematical foundation of TDDFT is much less clear than that of DFT. The main
conclusion of TDDFT is the following coupled equations:

i@td)j (X, t) = <A + V;sxt

= ZZ|¢j(X7t)|2

o j=1

| d T Vel {p(s >}to<s<t]<r>> bi(x. 1),

15)

In practical Runge-Gross TDDFT, the exchange-correlation potential V. is often approximated by the adiabatic
approximation, i.e.

Vael{p(8) ozt (1) = VeBlp(1)](x). (16)

Finally, if we rewrite the Runge-Gross TDDFT equations eq. (15) in terms of the time-dependent density matrix

N
£) =Yl (1) (Wt (17)
j=1

then we can obtain the following closed equation:
i0,P(t) = [H[p(t)](t), P(t)]. (18)

This is the (self-consistent) quantum Liouville equation, which can be seen as an intrinsic representation of TDDFT.

2 Perturbation of the Green’s function

The perturbation of the Green’s function can be characterized mathematically using the Neumann-series expansion.
For a bounded operator A on a Hilbert space, we can write down the Neumann series as

oo
d AT=(I-A)", for|lA] <L (19)
In the context of electronic structure theory, we often need to consider the perturbation of the original Hamiltonian
H by a perturbation via a potential (i.e. multiplicative operator) eW
H.=H+eW. (20)

By the argument of Neumann-series expansion we know that p(H) is open in C, therefore for any A € p(H) and €
sufficiently small, by the resolvent indentity we can guarantee that G . is also well-defined. Specifically, we can
then define the perturbed Green’s function as

Gre=A—H) "=\ —H-cW) ' =G\I—-eWA —H) ™) =) GA(WG,)"e" 1)
n=0



We can see from the above equation that G . is well-defined when W (A — H )~ ! is bounded and ¢ is sufficiently
small. We can also get an important insight on how to calculate the perturbed Green’s function. It is equivalent to
solving a Dyson equation iteratively, i.e.

GV =G+ Ga(eW)GTY, > 1 (22)

We also see that the coefficient of € is Gy W G, which is the linear response function.

3 Perturbation of the density matrix

By the resolvent indentity, we can compute the perturbed density matrix

p_p-_L ) (Gr: = Ga)aA

27

resolvent indenti 1
eolet detty j{G)\EEW)G)\d)\
2
Neumann series n.n
= 27[_1 f ZG/\ WG)\) 9 (EW)G/\d)\ (23)

=5 ?{ ZGA (WGy)""dA

/GAWGAd)\ +O(2).

27r1

It is easy to see that the linear response of the density operator is given by

1
Xo(W) : fGAWGAd/\ = A —H)"'W(\— H)"tdA (24)
T omi 2 r
That is to say, the Frechét derivative of the density operator with respect to the potential perturbation W is given by
0P dP(H + W)
—W)= ————= = Xo(W). 25
) | =) @5)

By applying the specral decomposition, we can derive

_ 1 - -1 |vp) WW\W@N
%oW—Mﬁ(AI—H) YW\ - H) d)\_%j{z P P AqA)qu

%27{ (A=2)™ = (=27 dA ’%X%W_Wf@wqr

(26)

Note that the integral above is non-vanishing if and only if one of A\, and ), is enclosed by the contour I'. In other
words, one of p and ¢ is occupied and the other is unoccupied. We change the indices to the conventional notation
¢ and a for occupied and unoccupied states respectively. We can then write down the linear response function as

Yl W iy
Z Ai — Ag

Xo(W) = +hec. Q7

1€S0cc,;€ESunoce

Here h.c. denotes the Hermitian conjugate of the first term.

By taking the diagonal part of the linear response operator, we can obatin the linear response of the electron
density. That is, the Frechét derivative of the electron density with respect to the potential perturbation IV is given
by

dp

W(W) = diag(XoW) =: xoW. (28)



That is, the L2-function xoW is the kernel function of the operator X W evaluated at the point (r, )

W) = EW)mn = Y ) B 9
iesocmaesunocc
We claim that the operator y is a non-positive operator lower-bounded below by — where A is the spectral

gap of the Hamiltonian. To see this, we evaluate

Yi(r)ia(r)

N\ —>"2>2dr +c.c.

Te(WxoW) = / W (r) (o W) (x) = / we) S W)

lesocc 7aze$unocc

> 2
. [WilWlva)l” 3 | <¢;’Wi’1//\f§>\ <0,

(30)

iesoccyaesunocc iesoccvaesunocc

Here we note that A\, — A; > A > 0foranya > N + 1 and i < N. Hence Yy is a non-positive operator. Also, for
the bound below, we have

1 W
STW) < 5 Y WP = 1 Y W= 0

iesocmaesunocc p,q

Here we use the Parseval’s identity to obtain the last equality since {v, } and {1, } are both the Hilbert basis of the

space. This implies that ( )

1 Tr(WxoW 1

A Ssyvp 2 S0=-3<Xx=0 (32)
In other words, for gapped systems, the linear response of the density with respect to the perturbation of the potential
cannot be arbitrarily large.

Recall that the physical quantity we are interested in the regimes of HF or KSDFT is the occupied space.
Although it appears that the linear response of the electron density involves the unoccupied states, we can in fact
derive an equation that only involves the occupied states. For the kernel function of x(, we have (assume that all
the orbitals are real-valued)

Z¢z )\_)E )wi(r)JrC.C.
¢z ¢a(r ( ')ﬂh’(r')
Z i — A
(33)
a(r ))

=2 wz ¢z< )

ze; <aesunocc Ai = /\
=2 37 @) - P)G (I — P, ).

iESocc

Note that the density operator P is also defined only using the occupied states, hence the whole expression above
only involves the occupied states. The last equality is obtained by noting that the unoccupied-related term has the
form of the kernel function of the Green’s function truncated using the projection to the unoccupied space which is
Q=1-P.

Once we have the expression of x((r, r’), the linear response of the electron density with respect to the potential
operator W is

W) = [rale WA =2 3 6itr) [(I-PIGA TPy W) =2 3 i)l
1E€Socc 1€8scc
(34)



Here &; is the operator QG y, Q) acting on W1, i.e. &; solves the following Sternheimer equation

QNI — H)Q&; = QW ;. (35)

Although the operator at the left-hand side is not invertible since it is truncated by the projection (), the equation
is in fact well-posed since the right-hand side has a vanishing component in the kernel space of Q(A\;I — H)Q
due to the presence of the projection operator ). Moreover, Q(\;I — H)(Q is always invertible restricted to the
unoccupied space. Therefore the solution is unique.

4 Density functional perturbation theory (DFPT)

Recall that in DFT, the effective Hamiltonian depends (self-consistently) on the electron density. When considering
the perturbation of the Hamiltonian by a potential operator, the change of the electron density will also affect the
effective potential. This leads to self-consistent equations similar to the self-consistent KS equations.

The electron density can be implicitly calculated by

p(r) = foo(H[p])(r, 7). (36)

This is a nonlinear equation and H [p] can be written more explicitly as

1
H[P] = _iA + Vext + Vixe [P] (37)

Here, V,y denotes the external potential that does not depend on the electron density, and Vi, is the Hartree-
exchange-correlation potential that depends on the electron density. We assume that the perturbation of the effective
ponetial causes a change of the electron density of dp, then

6VHXC

5, 0P +0(0p%) = Viixelp] + fuxc[dp] + O(3p%). (38)

VHXC [P + 5p] = VHXC [p] +

The linearization operator fijy. can be explicitly calculated for some types of exchange-correlation functionals. For
example, for the local density approximation (LDA), we have

Vixelp /IC r, ) p(r))dr’ + vy (p(r)). (39)
Here K(r,r') = E 11«'\ is the Coulomb kernel and vy is the exchange-correlation potential. The linearization
operator fiiy. can be calculated as

o OUxe

(ficlal)(6) = [ 100, )91 + S5 (o)) o) 0)

Here we note that the first term in eq. (39) is a linear integral operator and the second term is a multiplication
operator. Thus, when considering the change of p, the Hamiltonian operator H [p + dp| then becomes

Hip+6p] = H[p] + 6Vext + frixc[0p] + O(3p%). (41)

Here §Vext is the direct perturbation of the external potential.
Recall that the linear response of the density operator with respect to the perturbation of the potential operator
W is given by (eq. (28))
op
oV
Here we call x the irreducible polarizability operator. If we view dVext + frxc[0p] as the perturbation of the
Hamiltonian (up to the leading order), we can arrive at the following self-consistent equation for the change of the
electron density dp:

(W) = xo(W). (42)

5/) = XO(éV:axt + fHxe [5,0]) 43)



Formally, we can rewrite the above equation as

8p = (I = xofrxe[6p]) ™ X0 Vext- (44)

We sometime denote x := (I — X0 fiixc) ‘X0 as the reducible polarizability operator, which means the linear
response of the electron density with respect to the external potential perturbation d Ve, i.€.

p = X[6p](6Vext)- 45)

Note that if we consider the many-body Hamiltonian with exact exchange-correlation functional, then the reducible
polarizability operator x defined above should agree with the exact polarizability operator Xexact, Which is the
many-body linear response.

We mentioned that the above is a formal definition of the reducible polarizability operator. From a physical
point of view, if I — o frxc is not invertible, it means that it is possible that a small perturbation of the external
potential can cause a large change of the electron density. The invertibility of this operator is called the stability
condition of electronic structure in the context of KSDFT.

In practice, we often need to calculate the reducible polarizability operator x applying to some vector (function)
g, i.e.

u(r) = (xg)(r) = / x(x,T)g(x')dr. (46)

In the form of integral operator, we write
u=xg = (I = x0frxe) ' X0g = ¢ — X0frixctt = X09- (47)
This is equation can be solved using fixed-point iteration of u, say
ul™ = x09 + X0 fixeut™, 0> 0. (48)

Or equivalently, we can also write down the Dyson series as

u = X09 + X0 Hxc? = X09 + X0fHxeX09 + X0.[Hxc X0 HxeX0g + -+ - - (49)

We can see that we only need to compute y applied to some function. This can be directly obtained by solving the
Sternheimer equation eq. (35), hence only involes the occupied states in the context of DFPT.
Some important applications of DFPT can be found in [LL19].

5 Time-dependent DFPT

To deal with the quantum Liouville equation, we define the time-ordered exponential operator

¢
A(t) =T exp <—i/ H(S)ds)A(O). (50)
0
Here the 7 is applied such that A(t) solves the following time-dependent linear equation
i0,A(t) = [H(D), A®)],  A(0) = A. s1)

We also denote the “time-ordered exponential propagator” as

to

U(tQ, tl) = Texp <—i H(t)dt) (52)

t1
which is a unitary operator such that U (t2,t1) = U(t1,t2)* if t1 > to. We can then express the solution to the
quantum Liouville equation as

P(t) = U(t,0)P(O)U(0, t). (53)



Now we consider the perturbation of the Hamiltonian by eW (¢), i.e.
He(t) = H(t) +eW(t), Pe(t) = U(t,0)P0)UA(0, ). (54)
Here U.(t2,t1) is defined such that A.(t) = U-(t,0)A:(0) solves i, A-(t) = H-(t)A:(t) = H(t)A:(t) +
eW (t)Ac(t). By Duhamel’s principle, we have
t t
A (t) =U(t,0)A(0) —ie/ U(t, s)W (s)Ae(s)ds = U(t,0)A(0) —is/ U(t, s)WV (s)U(s,0)A-(0)ds. (55)
0 0
Therefore

U:(t,0) =U(t,0) 15/ U(t, s) U:(s,0)ds = U(t,0) 15/ U(t, s) WU(s,0)ds + O(e?).  (56)

Note that this can be viewed as the time-dependent generalization of the Dyson equation eq. (21).
Hence, up to O(?), we have

P.(t) = U:(t,0)P(0)U:(0, t)

— U(t,0) P(OYU(0, 1) 1&/ U(t, s)W (s)U(s,0) P(OYU(0, £)ds + il (¢, 0) P / U0, )WV (s)U(s,t)ds + O(2).

(57)
Now we are at the place to compute the Frechét derivative of the density operator with respect to the perturbation
of the potential operator W. We have

oP
)

(XoW)(t) =

/ U(E, )W ($)U(s,0) P(OYU(0, 1)ds + hec. (58)

e=0
Let us now consider a system that lies in the ground state before the perturbation. That is, the unperturbed
Hamiltonian is time-independent and the initial density matrix is the zero-temperature density matrix

H(t)=H, P0)=P)=foolH—p), Ut s)=exp(—i(t—s)H). (59)

Note additionally that Py is obtained via functional calculus of the unperturbed Hamiltonian H, it commutes with
U(t, s). Then eq. (58) can be simplified as

t t
(XoW)(t) = —i ( / e =YY (5) exp(—i(s — O)H)ei(t_s)Hds> Py+he. = —i / e =D (5), Pylelt=9H ds.

—0o0 —00
(60)
Here we imagine that the perturbation starts at some time after ¢ = —oo. Note that the starting time O above is
arbitrarily and we may relabel it and remove the arbitrarity by setting —oo starting point. This will also significantly
simplify the derivation of the linear response function.
Applying the spectral decomposition of H, we may rewrite eq. (60) as

(XoW)(t :—1Z\wp (Wl / =) Qo= [ (s), Polds [1hg )ty - 61)

We want to rewrite this expression in the frequency domain. To do this, we need to compute the Fourier transform
of the function e~ {(¢=*)«0 1} (5)O(t — 5), i.e.

/_ " gy (g)ds /_ T o ()01 — s)ds = [T O(t) * W(D)] (w). 62)



Note that the Fourier transform of a convolution is the product of the Fourier transforms. Hence we can write down
the Fourier transform of the above expression as

F ([ etmmwss) = B80T, (63)

For the Fourier transform of the Heaviside function, we have

00 ] ) 0 . 1 1
/ 6—1w0t@(t)elwtdt ~ lim 6—(77+1(W—W0))tdt = lim ——— = 7'['(5((,0 — WO) + 1P < ) .
— o =0+ J_ n—0+ w — wo + 1 w — W
(64)

Here we denote P as the Cauchy principal value. Hence we can write down the Fourier transform of the above
expression as

F </too ei(ts)wOW(S)dS> = lim M = WW(wo)é(w —wp) +iP ( W(w) ) ' (65)

n—0+ w — wp + 17 w — Wy

Plugging this back into eq. (61), we can obtain the linear response function in the frequency domain as

F(XoW)(w) = lim Z [Vp) :fp_ o _))\P;]lflebd

Y X W@ s ) ]

— (Aa —Ni) +1in n—0+ — (A — Ag) +1in

+ ;
lESoccyaesunocc 1€SOCC7a€8unocc

(66)
Here we use the fact that Py [1;)(¢i| = [¢i)(1;| and Py |14 )(1e| = 0 for occupied and unoccupied states respec-
tively. We can also write down the kernel function of the linear response function in the frequency domain as

(| W (@) [11) a (D)7 () (Wil W () ¥a) i (1) 95 ()

FRW)err) =1, aZeS ~ e = N) 11 w— (A — Aa) + i1 ©7
Taking the diagonal part, we obtain
W= S V@R E) | GV e

n—0+ - ()\a — )\z) + in W — (>\z — )\a) +1

Zesocmaesunocc
Here we use the notation x(r, r'; w) to denote the kernel function of the operator y in the frequency domain, with
a little bit of abuse of notation. Again, the kernel of irreducible dynamic polarizability operator yq in the frequency
domain is given by

3 Ya ()i () a ()97 () _ 7 () ()i (0)eha (r)

xo(r,v;w) = lim _ - (69)
N —(Aa — X)) +1in w—(A\i—A) +1in
eq. (69) is related to eq. (68) by noting that
XoW (r;w) = /XO(r, r';w)W(r')dr’. (70)

The procedure of obtaining the expression of the irreducible dynamic polarizability operator eq. (69) can be sum-
marized as

Derive F(XoW)(w) — Taking the kernel function F(XoW)(w)(r,r’) — Taking the diagonal part xoW (r;w) —
Taking the kernel function xo(r,r’;w)



In TDDFT, again, we take into account the change of the potential induced by the change of density, where
the latter is described using the reducible dynamic polarizability operator denoted as x(w). Following the same
derivation as in DFPT, we have

X(@) = (I = x0(w) frixeldp) () " x0(w)- (1)

In almost all practical TDDFT calculations, we apply adiabatic approximation to make fi«. frequency-independent.
If we want to calculate u(r) = (xg)(r), we only need to employ the following iteration scheme to solve the

Dyson equation
u™ = yog + xofuxcu™, n > 0. (72)

To calculate the irreducible dynamic polarizability operator g applying to a function, we note that

_ ' N 1 (algltbi) a(r)Y(r)  (Wilg|ta) Yi(r)ia(r)
(XOQ)(I'7W) - /XO(r7 r ’w)g(r )dI‘ B n1—1>r(r)1+ ics aZES W — (/\a - )\z) + i77 w—= ()‘z - )\a) + i77

= lim - i) Q) (x, v (2 g () Ay (v
= i, 3 10—+ ) QU e o1 )

S i) / Qo+ H — N + i) Q)(r, vt () g (') e’

Z'GSOCC

= lim > Q= H+ X +in) " Qlig) 1)y (r) + vi(0)[Q(w + H = A +im) Q47 9)(x)
1€Socc

=: ( lim Z &+ (W)} +¢i€i,(w)}> (r).

—0+
" iesocc

(73)
Here, just like eq. (35), &; +(w) solves the frequency-dependent Sternheimer equation

Qw—H+ A +in)Q¢ +(w) = Q(ig(w)), Qw+H — N +in)Q& —(w) = Q(¥; g(w)). (74)

The numerical solution of the above frequency-dependent equation is much more difficult than the frequency-
independent equation, though they are formally similar.

6 Moving forward to many-body perturbation theory

In this section we consider a N-body Hamiltonian H with eigenpairs (Ej, ¥y). The perturbation of the many-body
density matrix also has the following form

P.—P=_"_ [ GaWGd\ + O(?). (75)
27 Jp

Here G, = (M — H)~! is a many-body Green’s function. Note that the many-body ground state is given by

P = | Uy} ¥y, so the contour I is chosen such that it encloses only the ground state energy. Therefore, in spectral

decomposition form, we have

W) Wo| W [T, )T
P.—P=¢ Z‘ i g(’)_’Ekkx ) 4 he. (76)
k0

As a result, we have the following N-body polarizability operator

_ [WoXWo| W W) (W
AW = kzﬂ) & —E, +he. (77)

Note that the many-body polarizability operator is linear, therefore there is NO distinction between the irreducible
and reducible polarizability operator.

10



6.1 Connection to effective one-body DFT

In this section, we use W to denote the many-body potential operator and W to denote the one-body potential
operator.

To see the connection to effective one-body DFT, we consider the real-space representation of the perturbation
of the effective potential. For simplicity, we assume that W is a local potential operator i.e.

N N N
WN{r:}) =D W) =) / W(r)d(r — r;)dr =: /W(r)p(r)dr, plr) = d(r—ry). (78)
=1 =1 =1

Note that
Tr(p(r) [Wo)Wo|) = p(r). (79)
Here the right-hand side is the single-particle density.
We compute the bilinear form w.r.t. the many-body polarizability operator

3 (TR|UN o) (Wol W] Y (WolUN[Wg) (Wi W [Wo)

Py Ey — E, P Ey — E,

Te(UNxWN) =

(80)

Assume that the test function U is also a local potential with UY ({r;}) = Zf\; 1 U(r;), then we can (e.g.)
compute

(U ) = [ (i) w0) U 1)
(L |U™[Wo) (Wo| W [Wy) = / (k|(r)|Wo) U (r) (Lol p(x)[x) W (x')drdr’. (82)
Induced by this, we define an intergral operator Y®*°* with kernel function
Wolp(r) | Pg) (Prlp(x')| T Uy |p(r)|Wo) (Polp(x')| T
Xexact(r’r/)zz< 0lp(x)[Wr) (Wi|p(r')| 0>+Z< klA(r) [ Wo) (Yolp(r')[Px) (83)
k20 Eo — Ej, 120 Eo — E},

Then for any bilinear form Tr(U NxwnN ), we have
Tr(UNxWY) = / X2 (x, ) U (r) W (r)drdr’ =: Tr(Ux™*'W). (84)

We point out that eq. (83) can be viewed as the many-body generalization of the irreducible polarizability
operator Yo in the one-body case eq. (29). However, we should also note that in the context of DFT, the reducible
polarizability operator  is actually a better approximation to the many-body polarizability operator Y**?!, given
that the exchange-correlation functional is exact.

6.2 Casida formalism

Similar to the static case, we can also derive the time-dependent perturbation theory for many-body systems. This
can be done by considering first the many-body dynamics exact polarizability operator

() = =i [ (), Pl s = / (B[ (s), Plds [0,)( ).

—0o0
(85)
By Fourier transform, we can obtain the frequency-dependent polarizability operator
. WX Wp| [W (@), P] W)Wyl
%exactW - 1 ’ p q
( )(w) n_l>r(r)l+z o= (B, — Ey) +
(86)

\I/\I/ \I/\I/ \I/\I/ U WU
— tm Z!k k| W (w) [T )XWy Z!o ol W(w )’k><k‘.

n—0+ (Ex — Eo) +1in (Eo — Ex) +1in

k40 k40
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Again, we take the kernel function, take the diagonal part and take the kernel function once more, we have the
following exact many-body dynamics polarizability operator

W) = lim (Wolp(r)[Wg) (Pi|p(r')[Wo)  (Wi|p(r)[Wo) (Polp(r')| W)
n—0+ w—(Ek—Eg)—l-in w—(Eo—Ek)—i-l .

exact (

X (87)

From this, we can get a very important insight. We can see in eq. (87) that the poles of Y**?*(w) take the form
of Ey — Ejy, which is the neutral excitation energy. In the context of TDDFPT, since the reducible polarizability
operator  is a good approximation to the exact polarizability operator x**2°!, we can also expect that the poles of
X (w) take the form of Ej, — Ej. This is the basis of Casida formalism.

Recall eq. (71), we have

X(@)f = (I = x0() fiaxe(@)) ™' f (88)
for some function f. To evaluate the poles of x(w), we only need to evaluate the zeros of x ' (w). Again, we
consider the test function £, then the candidate of the zero of x ~!(w) solves the following equation

Xo(w) frxe (W) f = f. (89)
In order to solve this equation, we do the following steps:

* We first truncate the set of unoccupied orbitals up to some fixed energy level E..
* We consider the following set of test functions:

Woi = Ya],  Wig =Wy, =¥ithy, 1 € Soccs @ € Sunoce- (90)
* We expand the test function f in the above basis set, i.e.

F= > (fa%ai+ fiaWia)- O1)

1€Socc,aESunocc

* Recall the definition of the irreducible polarizability operator yg in eq. (69) and note that the Heisenberg
evolution of |W,; W, | will give a Bohr frequency w,; = E, — F;, we have

oW (w) = lim Z Z Wi | W (W) | W) [ Wi X |  (Wia| W (W) [Wpg) |\Ifia>(\lqu|‘ ©2)

774>0+ 7:GSOCC7(1/6‘5‘11110(30 pq w wal + 1"7 w N wla + 177
Therefore, eq. (89) can be rewritten as

Wi | frxe| Wa; Vil fHxe| Wa;

3 (e e - T S ) ) g
K 7_] Esocma bESunoce a 77 a 77
(Wil frxe| W) (Vial frxe|Wjp)

AralJuxe| B0/ g oy A TralJHxel B0/ .

D iy W — SR I ) ) £ (93)

i,jESocc,a,bESunocc
= Z fai|qlai>+fia’\llia>‘
iesocmaesunocc

¢ Finally, we match the coefficients of W,; and W;, to obtain the following non-Hermitian eigenvalue equation

< az‘foc|\Ijb]> < 1a’foc“1I]b>

hmﬁ;}OJF Zjesocmbesunocc W—Wq;i+in f + W—wgi+in fj - fa’iv (94)
1. <‘llaz|foc|\Ilb]> . <\II’L(L|fHXC|\I]]b> I
— 1My —0+ Zjesocc,besunocc wHwai+in fb] T wtweitin fJb = fia-

Or equivalently, we can write down the following eigenvalue equation

{Zjesocc7besumc (Wil fraxe| Wos) fo5 + (Yail faxe| ¥n) fip = (W — Wai) fais

(95)
D jeSuce beSunoce \Vial fixc|Woj) foj + (Vial fixc|¥jn) fip = — (W + Wai) fia-

12



The equation eq. (95) is known as the Casida equation.
One of the important applications of TDDFT is to calculate the absorption spectrum which is directly related
to the excitation energies, i.e. the poles of the the reducible polarizability operator x(w), which in the context of

TDDFT is viewed as a good approximation to the many-body exact polarizability operator x“***(w). Specifically,
we can define the polarizability tensor as
Ajj(w) = — / TaXij (T, 1’ w)r/lgdr. (96)
The absorption spectrum cross section denoted by o (w) is given by
4w
o(w) = —ImTr[A(w)]. 97)
(&

Here c is the speed of light which is approximately 137 (the reciprocal of the fine-structure constant) in atomic
units.

We note that only the poles of y(w) (or all the possible excitation energies) contribute to the imaginary part
of Tr(A(w)). Therefore, the Casida equation eq. (95) may readily give us the absorption spectrum. However,
the Casida equation requires the diagonalization of a non-Hermitian matrix of size Nycc Nynoce Where Noc is the
number of occupied states and Nypecc 1S the number of unoccupied states within the energy cutoff. This is a very
large matrix and the diagonalization is very expensive.

6.3 Random phase approximation (RPA)

Random phase approximation is another application of the time-dependent perturbation theory from a very different
perspective. In RPA, we aim to improve the accuracy of the calculation of the many-body ground state energy using
TDPT. RPA can be viewed as the starting point of various algorithms based on many-body perturbation theory. We
remark the the term “RPA” is merely a legacy term and has lost its original meaning in the current context of DFT.

We consider the adiabatic connection between the non-interacting Hamiltonian (such as KSDFT) with the
interacting Hamiltonian. The adiabatic connection is given by the following family of Hamiltonians

Hy =T+ Vet + Vs + AWVee, A €[0,1]. (98)

Here T and Ve are the kinetic and external potential operators respectively. V) is the effective one-body potential
such that V\— is given by the non-interacting potential term in one-body theory and V—; = 0.

Given a density p, we can obtain the many-body ground state ¥y of each H, by minimizing the energy func-
tional. We denote E/(\) = (¥, |H,| V) as the ground state energy, then we have

1
s -p0 = [ 0= [Py a= [ Dega o

Here E/(1) is the exact ground state energy of the many-body system which is the quantity we want to calculate.
E(0) is the ground state energy of the non-interacting system which can be calculated using KSDFT. The second
equality uses the Hellmann-Feynman theorem.

We recall that for the many-body wavefunction ¥, the Coulomb energy can be expressed as

(W dd 100
‘Zm_rﬂ // |r—r’] e (100

1<)

Here p®(r,r’) denotes the two-body electron density, which is given by

N —-1)N
p(Q)(rl,rQ) = <2) / | (ry,ro,- - ,rn)\erg coodryy. (101)
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Note that V), is a single-body term, therefore we have

/ <\Il>\]av’\|\ll>\ d\ = / / %drd/\ /p(V1 — Vp)dr = —/pVodr. (102)

Here we use the assumption that p does not depend on A and the fact that V; = 0. Plugging these back to eq. (99),
we have

1 (2)
E(1)=E(0) — /pVodr—i—/ (Vx| Vee|¥n) dA = E(0) — /pVbdr / // r nLr d dr’dX. (103)
0 —

From this equation, we see that F/(0) can be obtained just by solving the KSDFT equations. Therefore, to get
the “exact” functional F(1)[p], we only need to know pE\Q)(r, r’). The idea of random phase approximation is
to approximate p(2)(r, r’) via the approximation of the exact many-body polarizability operator x**°* using the
irreducible polarizability operator . In this way, the energy functional can be expressed using only the electron
density and the one-particle density matrix. This bridges the gap between the many-body ground state problem and
the time-dependent perturbation theory.

This can be down using the following steps

* We recall the definition of the irreducible polarizability operator xg in eq. (69). We extend it to imaginary
frequency iw and assume that all the orbital functions are real just as in eq. (33)

Ya(r')i(r") e (r)i(r)
iesooc,za;su,m iw = (Aa = )

_ (A = A)Ya(r) i (r")ba (r) i (r)
=2 > W+ (o — )2 |

xo(r,r';iw) = +c.c.

(104)

1€Socc ,aesunocc

« Similarly, we also recall the definition of the exact polarizability operator x®**t in eq. (87) and extend it to
imaginary frequency iw as

exact / . <\I/0‘[3(I‘)‘\I/k> <qjk’ﬁ(r/)‘q/0>
X (r,r,lw)—kz iw — (By — By) +c.c.
70 (105)
Y (Ex — Eo) ‘I’k’ﬁ( )[Wo) (Wolp(r')|¥x)
k40 + (B — Eo)?
* We integrate x and xg along the imaginary axis and note that fR+ ﬁ‘oﬂdw = 5. We have
1 o
o | e == 3 v == 3 (lbe 3 el i
ZESOCC7G/ESUHOCC OCC a‘esul’lOCC

(106)

Using the similar argument as in eq. (33), we express the above equation in terms of occupied orbitals
1 o / /
or | xo(rrliiw)dw =Y 0 (Wilde|Ya) (aldelti) = D (wildeli) o — ')
oo

§,§ESocc i€Socc (107)
2
= |Ps(x,x')|” = ps(r)d(r — 1)

Here, P, denotes the kernel function of the single-particle density matrix Py = . denotes

the single-particle density. o

|10 Xebil,
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Similarly, we have

1 o

O (1 i) dw = — Z (Wo|p(r)[Tr) (Tr|p(x)|Wo)

2
w0 (108)
= (Wo|p(r)[Wo) (Wolp(x")[Wo) — (Wo|p(r)p(r')|Wo)
= p(r)p(r') = p(r,r') — p(r')5(r —1').
This is because
Z(Sr—rz r' —r;) Zér—rZ I'—rl—l—Z(Sr—rz (r' — ;)
7 (109)
—Z(Sr—rz r—r —1—2(51‘—1'Z (r' —rj) = p(r)d(r — ') + pD(r,r
i#£]
Thus
(Dol p(r)p(r) [ Wo) = pP (r,7') + p(x)5(x — ') = pP (r,7') + p(x')3(x — 1), (110)
Next, we compare eq. (107) and eq. (108). If we approximate x**?°* using ¢, we get an approximation of
2 p
p oy
pB(r,r') = pP(r, 1) := py(r)ps(r’) — | Ps(r, 1) ‘2. (111)
This gives
// dd’N// dd’— //ps Lo //'P  grar
|r — 1’| lr —1/| |r —r/| |r — 1/
(112)

The right-hand side is exactly the Hartree-Fock approximation of the Coulomb energy! This trivialty moti-
vates us to look for a better approximation of y so that we can expect a better approximation of the many-body
correlation energy, which is completely missing when we just replace x®*2°* with .

To improve the approximation, we examine the additional contribution beyond xq

'l 1 1 [t
Ecorrelation :A 2//1'_1_,‘ <_2ﬂ_/oo X)\(I', I‘/;iw) - Xo(I‘,r';iw)dw) drdr’dA. (113)

Recall that ) is the polarizability operator of the many-body Hamiltonian H, which can be approximated
using the reducible polarizability operator. This suggests that we can solve the following equation (recall
eq. (71))

X=Xt e — fe (114)
Here the Coulomb kernel K(r,r") = |rfr,| in eq. (113) is changed to \vg := X - ‘“g—ep’“ due to the adiabatic
path.

In RPA, we neglect f7\. and obtain the following Dyson equation

X5t = X0 — Mo = XA = Xo + AXovcXa- (115)
Thus

1 1
/0 X (iw)vedA—xo (iw)ve = /0 (1=Axo(iw)ve) ™ xo(iw)vedA—xo(iw)ve = —log(1 — xo(iw)ve)—xo(iw)ve.

(116)
Therefore, in RPA, the correction energy is given by
RPA 1o+ : .
Ecorrelation = E / Tr [log(l - XU(lw)vC) - Xo(lw)vc] dw. (117)
—00
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eq. (117) is the fundamental equation of RPA. It strongly relies on the time-dependent perturbation theory. The
matrix logarithm can be computed by exact diagonalization or contour integral.

We remark that the one we just discussed about is actually the DFT-flavored RPA. There are various other
formulations under the umbrella term of RPA.
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