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REDAZMRE: DRE. RRBLUNFEENERE, HIINEXEREN—LERTESERS
£

(EX] e sReE— ugic : B(G) — {1,2,---,k}, HF1,2,. - kRRFOFAEGE.
XIRAGH—MBRE. NRHEXETe1, e2 € E(G)i#Re; Nex # I, #Bc(e1) = c(e2), MR
ZREE—NEEREG, JENRSEEIER, RERIIENESRE.

FYEGHITIERNREREENSROAEHAGHBRES, A (G).

(®R] — M FATR: X'(G) > A, (FANREATENTRAEL)

[BE] RGERZHH, Wx'(G) = A

(GIERR) XHagmIAgn. & GH—&inEe = {u, v}, HRIBANRIR, H = G — eE—1M AR,
igA{My,- -, Ma}

W, Fpig, BIRBEARURHIENBLER, BARVKREERENPLER (WRMEEFML, U
XNFEA LS EEle, NMBEIGH— P ERLRE, XEFHERSHIERT)

EREdg (u) < A -1, FIESE—ERERERuNEESLER, RINCZABR:, ARE
HARIENARIHR", ARIENBAERT . B, FE—EE) (J 7 1) |, IRERREEDPEsE
A, BEHRIENPAERT.

EEFEH;; = H[M; U M;|, MMM ;#2H,;;iN57E0E, EhE8 N aEEA1s8E2, HtA
MH; ;I8 MNEBOXBEARBE, BAREM, M ;HEHE.

ERE VBB Z AR — N ERBROEE, FIAE(EH,;FrIEHE]L. BttufffErEE s 22—
FM;-M 8P, WS PRESARy, BN, BTvRENARIE, vBENRE e, RMEEX
BEPEXBHIN, FUAPRBEHIKENE, AP + e2GHaHKENE, XNGE—EFE.

RAVEE PROVEREEIR, SHEE T — MR HNADRE (PEIREH,RH— NEBH,
B PROBIE 2 EAR HNER ADRE) |, MISEIR RE R TAAER, thRaRiET
STRfERD, FRARTLUE R BRI GI—NERADRE. 48X (G) > AN FAAFRTA
X' (G) = A.

[EE] (VizingE) WMHIEREG, 5
A<x'(G)<A+1.
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B8] RESEY(G) < A + 1808]. 5048, e B—5il, AYHZ

A(G—e)) = A(G) = A. NRA(G — e1) = A(G) — 1, WHRBIAMHEISAILISE
X(G—e1) SAG) —1+1=A(G), FEBEX(G) < X'(G —e1) + 178X (G) <A +1
)

TEIEBPMNRG — e12A + LOTRER, BBAGHERE, MEIEMETSIER.

e = {v, w1}, UK EG — e1I—NEEA + 1-103E. iR A (v, c1 ) BvBISRA T B HERITH
BEsEs, MWHFde—., (v) <A -1, A(v,c1) # @, BERA(w,c1) # &, FIHE

A(v,c1) N A(w, 1) = @ (BUNRAETE, BizgEsTtae MERIGH— A + 1-IEEILSR
&)

Qa € A(v,c1), B € A(wy,cr), WAREBAIRY RHIR AIHI B #RURISBAER T, Rex = {v, w2}
RBO.18A58, NEEeHIRE, Bei 018, ALIBEIG — eo:I—PNEFA + 118368, iBhc
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B, € Aw,, Cy) |

(FEAARBERIRY, w1, waBFG[My U Mg | hFHE—MNEBES X, BHEFE—Fw EESw M-
P13EEE. AIRAAR, WEHw I FIEEED XIS (XMEREASFMERRE, BASFIHw T
EEBOXFEANER) |, XMHRIB{v, wo }RMA1 &, FEETGH—A + 1IEELRE. £ FE
AGIERRR, FRATBEGAFITIXFRIRIR)

G — exth, B € A(wa,c2), BFwRESHIA — 1#EhE, EHEEFESL: # PiFEE

By € A(wa, c2). BAIIRGNRZ LofEvibHIN (WIRAHE, 33{v, wo JE L BRBRIGHI—NERA + 1
HRE) |, WHREEE{v, ws RB B, BAIZER{v, ws}FHE{v, w) }RALE, BRIG — esti—
MEEA + Listacs, BB € A(wg, 03)

MBS TE, REVAERE—LBEIG — e f—NEEA + 1R, MEFE—
i < k— 1FEEL; € A(w, cr), BHELr = B RIERENSMEHTE, N80, #5
B’i € A(wi+17ck) (7/ - 17""k_ ]-) .



RHEE: v, wi, w1 BFG[M, U Mg |E—NEBEHD (ICREERZAH) , FWiEw; 1 FRE
HEMNEES ZHEER (XMMEFASTMERRE) , REE{v, w1 }REetE, WHER
Bir1 € A(wira,cr), B{v, wi o} RML1E, LULSETE, {v, wi3}RMGE, -, {v,wp}HR
BBy 18, XHEFMERTGR—1A + 1-IEERE.

EAa € A(v,cr), Bi € A(wii1,cr), FRAHBME—ZETw v — w; 1 FEREAIER.
HB; € A(wg, c), FilAwy & V(H), FrLAwiFFEG [ My U Mg HSEESSAEH. Bw i FiEEE
SRR, 523G — e lUFHIA + 110306, 18796;6, AHRERAT AR v, w }EBa, 5E
GBI—NEEA + Linea.
[f5RR]
Show that
X’(G X KQ) = A(G X I(g),

(The Cartesian product of simple graphs &G and H is the graph G x H whose vertex set
is V(G) x V(H) and whose edge set is the set of all pairs (u1,v1) and (ug,v2) such that

either {uy,u2} € F(G) and v; = v9, or {vy, v} € E(H) and uy = us.)



1E#]. Recalling Vizing’s theorem, our task reduces to demonstrating that /(G x Ky) #

A(G x Ko) + 1.

Let’s denote V(K3) = {ag,a;}. For any vertex (v,a;) € G x Ko, the set of all vertices

adjacent to (v,a;) is given by:

{(u,a;) : w € Ne(v)} U{(v, aim)}-

Here, Ng(v) = {u € V(G) : {u,v} € E(G)} and @ represents addition modulo 2. Thus,
A(G x Ka) equals A(G) + 1.

Regarding \/(G x K»), if \'(G) = A(G), then at least one vertex v € V(G) exists such
that all colors in ¢(G) (an edge-coloring of G with |¢(G)| = \/(G) = A(G)) are already

used on edges adjacent to v. Notably, the edge set of G x K5 can be partitioned into:
EG)UEG) U,

where

B(G) ={{(v,a0), (u,a0)} : {u,v} € E(G)}, E(G)" ={{(v,a1), (u,a1)}: {u,v} € B(G)},

and

J={{(v,aq), (v,ay)}:v e V(G)}.

Now, we can color E(G)" and F(G)" following the pattern of ¢(G). As for edges in J,
since for v with dg(v) = A(G), all colors in ¢(G) are already utilized, we introduce an
additional color to ¢(G) and use it to color such edges in .JJ. This ensures that the edges
of G x K5 can be colored with at most \/(G) + 1 different colors. Clearly, this also holds

true when \/(G) > A(G), where introducing an additional color is unnecessary.

Thus, (G x Kg) > X'(G) +1 > A(G) + 1 = A(G x Ks), indicating (G x K3) #
A(G x K9) + 1, thereby concluding the proof.



(5]

Show that every Hamiltonian cubic graph is 3-edge-colorable.

iEH]. In fact, we can explicitly find a proper 3-edge coloring. First, we alternate colors
along the Hamiltonian cycle using two colors. Then, for any v € G, two of its neighboring
edges are already colored. Clearly, we can introduce another color for the remaining edge.

After that, we obtain a proper 3-edge coloring of G.

Figurem shows a proper 3-edge coloring of Q3.

€] 1: 3-edge-coloring Q3

[remark] fRIEVising EEAIIAE Y, FRELREHBERAEGIHM: ¢ = A = A + 1, BB
NE—EN, BEEMAERM. RIISEKLET " HEHERE RN B2, NRFIREEE, —Kms
HBE— N ENLREREE—REREEE—NP-hardiall, REFHNEE.

(%] &m > Aln/2], MG—EBTHEXM.

(@] x'(Kn) =n (nAzE)  X'(Ku) =n+1 (nHEB%50)
(EX] TimRE, EERRE (FBRIEEREMHIIREEHER)
[S8] TAreAHREENSHY = L, Vi, UEAVASHFENEE
(IEBR] 224

(6] K,=&&n, ntRENT,NREen2 (R —BE)
Conmea#in2, Cou1mEEn3
Ky nR&302 (B—EBRE—FERE)

(] FRENX(G) =2, HENEEATIE.

(IEEA] 24

(EE] GREREE, &#1EX(G) <A +1

IEBE] FEScEausis. 12|V (G)| = n, %fAdn = 169A = 0, TR, BEEEYRSN

< n— 1EASZ, ReRET—NRA, NIRERKERTH
X(G —v) <A(G —v) +1 < A(G) + LiRG — vB—A + 1-ERMSREe, EHS0EE0
RAESEAN, Fl—CHE—RERERER, ok ReE, ERIGH— M ERA + 158
SR, ARSI



[#50] MEGHRZA(G)EN, Mx(G) < A

GIERR] R ERIERETRE, IR EHAEFTANRERE, REEERERIRPAIA + 156A.
XE—%, G — vPl— P ARRE, BASVENRESEA — 11, NT—EE—FEeiREH
£, WoEZEBRFIA98ERNA.

[ (Brooks)] REBEGFERLERZE, Nx(G) < A(G)
ERR] REEwk-ENE(3 < k < n — 238x(G) < A(G)RE. FHRGE2— EHEE.

OUWRGETREN v1,v2}, G1BG — {v1, v }—10x%, WS H; = G[V(G1) U{v1,v2}],
Hy,=G-V(Gy)

WMRAvi1ve € E(G), vILARdH, (v1) > 1 (BUBNg, (v1)F—1=KBEE) | Hol, 2
dH2 (’U) > 1.

/%\H, _ Hl + {’Ul,’UQ}, V1V2 g E(G)
¢ H; V1Vy € E(G)

'J_!UQ/I\H[%‘MEIENU ' ﬁﬁL)x(Hl) < k. ﬁEL\)\HZﬁk-IE'“,%"%@' %E"J'Ul, U2%@zzﬁ ) iﬁ@;%’b@)ﬁ
(i = 1,2), MEHMERk-SREAILISEIGHIER-SRE.

QUIRGEB2-TNRE, BaiFiR, B3-EEN, RAGARREZE, MLAFERV, Uy-1, Uy, F5
v1V,-1 € E(G), viv, € E(G), BRv,_1v, € E(G).

HG — {vn_1, v, }1EB, TEGHRHATIR, - -, vn, EEHEEF > 2, v;ABFORIER
{v1, -+, v JRED—PIRE.

FKMERE A GRS, B5RRFRER, v, $G, 1 = G[{va1,v.}], WG, 1 FRE
NIE, BERkRE, —8H, MG = Gl{vn, -, v;)EESkRE, TEW) > 2,
A(vj 1,Gj) # @, FRUEILMEEIG: = GRIERkARE.

[EIE (Mycielski)] XHEHalk > 0RYEE, FEABE=MAFAIE-(vertex)chromaticE
[7EFE (Dirac)] {HITHEy > 4IEEHEE K HIHEDE.
GERR] RGERAIBFRSEDN, WG # K, (Elin > 4, WBETKAEATE)

RSHGHBNREIE, BG — SWOZHH,, -+, H, 1BG; = [V(H;) U S], NG AEEK A4
B, REGCRELNINE, 81MGvE-TEEN, B3-E6aS,

WMRG[S|B2E, WEEREESSPRESNfTREER, HEkERIGH3-EEER, F&

WMR|S| = 2, MREFEE—GFEEEHT—3-EEHES(z) = fi(y) EHHBS = {z,y}) &N
ESHINAzyREZIG S| B=2EER) |, FiAG;: + cylieHE 24, RIES/IMERTA

Gi + zyBa— K/ MNESEH. 1R HigERglry, WHHEGHhNK MAHE, FE. R HAEE
YT, NER—G;, RIBEE AR E— oy, FHryiEititrystEaIGhiK MO E,
FE.

HILLETEN|S| > 3, FTRGRS-EEE, N € V(G), NG — 2288, EaTLUER—N EC
, {RiEMengerEBTMGHEEr — V(CO)8, TREIK—MADE, FE.

(EX] FHERFERE.
[EHE (Tait)] 3-EEHIZSER4-EETFRMNHBNHEES- L.
[naz)
o RRGHBIEEL-HRE
EWag = (0,0), a1 = (1,0), as=(0,1), as = (1,1) € Zy x Z, RIS,



RERXFENA RO ELRRE: E—RUSRIFNENRERERN, SEREXMNML (HFRE
g, FrblcoisB#AR))  JURIBEXE—NMEFE3-JLRE.

e B—5E, ©F; ={ec E(G) : cle) =i}, Gij = GE;UEj|, NG;;22—-ENFE
(B) . FrLAR2-EaIERaY

o EERG12, Gosf2-mEE, O, 1FMEE, NELERIGH—NM-ERe (Blltag, -, a3
), BT

BLENMES = G2 N GulERBRG 12MG 3 FINEBAMN—TE, FTLISIEXE—MEF4-
EHE.

(#:2] - EE=AZ0E RAFTEE) 24-7T549.
(E2] HIFEERHIS-"UEEHN (NMEHTFEEEES-EmIEER)
GERE) .G = (V, E)RFEE, X|V|=nl3#.n = 1,2, 3, 4, 57<FIEHA.

Bi&n = kpk3Z. Zn = k + 119, HAGEFEE, 0 <5, Fftu, F8d(v) < 5. BRI
G — uBS-TMRAEE, BME— &R, MRd(u) <5, WAILKuAEENXEREER, ME2G
A—NERS-RRE.

Rd(u) =5, BSusBENSRR, -+ -, v5, AHiRe(vi) = i, HPiFrgE, BG;RRSETE
Gl (V) U e (V)]

OB, v;, v, Sv, BTG R FEEESS, Wiy, FERZhssmtifj, BH—1
HIGES, REHESH— ARG TSy, BEIGH— NERS-SRE;

QUMRAFE, WHEHEv v, ZEFG;HIE—MNEBSDX, ICP;;RG:;Fv, v, j35EH, AR
V1, Vs, U3, Uy, UsTEFE_HIZREREHHET, EEP3T Py, Buvi PisvsuicAC, WCHPRTvefluy
, iR, € intC, vy € ext(C), 1RIBordanfiELEEAIAM P MCHER, FARFHEE, Frlics
AR, MO PuRIEREETER, FE.

[3&518] HFEEEEL-mEEHN (MWEIFEEEE4-EmIEEN)
[EE] HFEEEE4-meEEHN (MWMEIFEEEE4-EIEEN)
[EE] WRFEEGHEHamiltonE], NIPNEIEE kL.

[iERA] EHamiltonBWE, HFCEETGHRE
. SMEEATLARRMER B IERE .

(€] EEFEEGHEA2-EBIBNEGHhFEEuler[EE,
(iiFBA]

o WNERGHEuUlerElE, NENRANELREMEE, UG NS N ELREZ2BE, FIAG HRE
BEEEBE, FrLAG* 2308, FrLAEREEn2, NmGHEm &2

o MIRGE2-HEHUEEHN, WG E2-A5&l, G2 _3E, G IFrEBEZEER,
WG HBN IR ELRERBE. BAREEFEE, G =G, NGRS NIREEERZRS
#, MmGAEEuler[@ig.
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