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Introduction

Why open quantum system?

Quantum systems in reality are often interacting with an environment (bath)
These interaction have a deep impact on the system dynamics (for closed system, we
have unitary dynamics governed by the Schrödinger equation ∂t |ψ(t)〉 = −iH |ψ(t)〉)
The combined system:

H = HS ⊗ IB + IS ⊗ HB + λHSB ∈ L(HS ⊗HB) (1)

which usually as large dimension and is impossible to simulate directly
The theory of open quantum system is attempting to identify models that implicity
incorporate the effect of the bath.
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Introduction

Feller Semigroups

V Banach space, a family of operators T = (Tt)t∈R+ ⊂ B(V) is a one-parameter
semigroup on V, if (i) T0 = I the identity operator, (ii) TsTt = Ts+t for all s, t ∈ R+

A semigroup {Tt} on C0(E) is Feller, if
{Tt} is Markovian, i.e. Ttf ≥ 0 for f ≥ 0
Tt(C0(E)) ⊂ C0(E) for all t ∈ R+ and limt→0+ ‖Ttf − f‖ = 0 for all f ∈ C0(E) (strong
continuity)

The Hille-Yosida-Ray Theorem: The generator of a Feller semigroup has a simple
characterization.
A is the generator of a Feller semigroup on C0(E), if and only if

A is real and satisfies the positive maximum principle (i.e. whenever x0 ∈ E,
f ∈ D(A) ∩ C0(E;R) are such that f(x0) = ‖f‖, we have (Af)(x0) ≤ 0. )
∃λ > 0, s.t. λI − A is surjective.
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Introduction

Completely Positive Maps
In a (unital) C∗ algebra A we write a ≥ 0, if and only if ∃b ∈ A s.t. a = b∗b. We say
Φ : A → B is positive, if Φ(x∗x) ≥ 0 for any x ∈ A.
We say Φ is k-positive, if

Ik ⊗ Φ : Mk(C)⊗A → Mk(C)⊗ B (2)

is positive. Φ is completely positive (CP), if it is k-positive for all k = 1, 2, · · · . We say Φ
is conservative if Φ(IA) = IB.
Stinespring Dilation Theorem: A linear map Φ : A → B(H) is CP, if and only if ∃ a
Hilbert space K and an isometry V ∈ B(H,H⊗K), s.t. Φ(x) = TrKVxV∗

Kraus Theorem: Any CP map Φ : B(H1) → B(H2) is of the following form:

Φ(X) =
∑

i
KiXK∗

i (3)

where Ki ∈ B(H1,H2) and
∑

i KiK∗
i = IH2 .
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Introduction

Semigroup Generators
Quantum Feller semigroup: {Tt}t∈R+ on a C∗ algebra A is a strongly continuous semigroup
such that each Tt is completely positive.

Lindblad, Christensen
Let L be a bounded linear operator on A, then L is a generator of a quantum Feller
semigroup, if and only if ∃ a CP and normal map Φ and an operator G ∈ A such that

L(a) = Φ(a) + G∗a + aG, ∀a ∈ A. (4)

Proof.
Let A = B(H), define G s.t. G∗v = L(|v〉〈u|)u − 1

2〈u,L(|u〉〈u|)u〉v
Then by L is conditionally CP (Lindblad-Evans), we can verify that for any ai ∈ A and
ψi ∈ H,

∑n
i,j=1〈ψi,Φ(a∗i aj)ψj〉 ≥ 0 (here the mapping Φ is a 7→ L(a)− G∗a − aG), which

implies that Φ is CP.
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Introduction

GKSL Theorem

Theorem (Gorini-Kossakowski-Sudarshan, Lindblad)
A bounded linear map L ∈ B(A) is the generator of a uniformly continuous quantum Feller
semigroup, if and only if

L(a) = −i[h, a]− 1
2
∑

i
(L∗

i Lia − 2L∗
i aLi + aL∗

i Li), ∀a ∈ A. (5)

Here h = h∗ ∈ A, Li ∈ B(H)

Proof.
Suppose L is the generator of such semigroup, then by the preceding theorem, we have
L(a) = Φ(a) + G∗a + aG for any a ∈ A. Taking a = 1 shows that G∗ + G = −Φ(1) so
G = −1

2Φ(1) + ih for some self-adjoint element h ∈ A. Then the result follows by Kraus
representation.
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Introduction

Classical Algorithms for Lindblad Simulation
Non-Hermitian time evolution, ∂tvec(ρ) = Lvec(ρ)

L = −iI ⊗ H + iHT ⊗ I +
∑

k
Lk ⊗ Lk −

1
2 I ⊗ (L∗kLk)−

1
2LT

k L∗k ⊗ I

= −iI ⊗ Heff + iHT
eff ⊗ I +

∑
k

Lk ⊗ Lk

(6)

Unraveling Lindblad dynamics using quantum jump method
ψ(t +∆t) = e−i∆tHeffψ(t), p = 1 − |ψ(t +∆t)|2 (

∑
j L∗j Lj � 0)

With the probability p, the system jumps to Ljψ(t)
|Ljψ(t)|

Equivalent to solving dψt = −i(Heff +
i
2
∑

j |Ljψt|2)ψtdt +
∑

j

(
Ljψt
|Ljψt| − ψt

)
dNj

t

More natural interpretation: wavefunction-trajectories driven by non-Hermitian dynamics
and Brownian motion

dψt = −i
(

H − i
2
∑M

j=1 L∗j Lj
)
ψtdt +

∑M
j=1 LjψtdWj

t

Then it can be treated using classical SDE solvers (such as Euler-Maruyama)
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Quantum Algorithms for Lindblad Simulation

Quantum Algorithms for Lindblad Simulation

Kliesch-Barthel-Gogolin-Kastoryano-Eisert, PRL 2011, O(t2/ε)

Childs-Li, QIC 2017, O(t3/2/
√
ε)

Cleve-Wang, ICALP 2017, O(tpolylog(t/ε))
Kraus operator: E [ρ] = A0ρA∗0 +

∑m
j=1 AjρA∗j , where A0 = I − i∆tH − ∆t

2
∑m

j=1 LjL∗j and
Aj =

√
∆tLj

Block-encoding of Ai + “standard LCU” for quantum channels + oblivious amplitude
amplification
Require a certain “compression scheme”

Li-Wang, ICALP 2023, O(tpolylog(t/ε)) without compressed encoding
Ding-Li-Lin, PRR 2024

Haoen Li (Tsinghua University) Open Quantum Systems: A Mathematical Introduction, Simulations and Algorithmic ApplicationsYMSC Quantum Seminar, December, 2024 9 / 28



Quantum Algorithms for Lindblad Simulation

Higher-Order Series Expansion
Duhamel’s expansion

ρ(t) = exp(tLD)ρ(0) +
∫ t

0
e(t−t1)LDLJρ(t1)dt1 (7)

ρ(t) = exp(tLD)ρ(0) +
∫ t

0
e(t−t1)LDLJet1LDρ(0)dt1 +

∫ t

0

∫ t1

0
∗+ · · · (8)

Gaussian quadrature scheme∫
∗dt1 · · · dtk ≈

q∑
j1,··· ,jk=1

wjkw(jk,jk−1) · · ·w(jk,··· ,j1)F(sk, · · · , s(jk,··· ,j1)) (9)

We have
∑

j1,··· ,jk w(jk,jk−1) · · ·w(jk,··· ,j1) =
tk

(k+1)! , k = 1, 2, · · · ,K
Truncations: K, q = O(log 1

ε/ log log
1
ε )

Overall complexity: O(tpolylog(t/ε))
Li-Wang, ICALP 2023
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Quantum Algorithms for Lindblad Simulation

Lindblad Simulation via Hamiltonian Simulation
Stinespring dilated evolution:

ρ(t +∆t) = TrA

(
e−i
√
∆tH̃[

∣∣0〉〈0∣∣⊗ ρ(t)]ei
√
∆tH̃

)
+O(∆t2) (10)

Dilated Hamiltonian H̃ =


√
∆tH L∗1 · · · L∗m
L1
...

Lm


Recall: unraveling the Lindblad equation using Itô-SDE

dψt = −i

H − i
2

M∑
j=1

L∗j Lj

ψtdt +
M∑

j=1
LjψtdWj

t (11)

Euler-Maruyama scheme ψn+1 =
(

I − i∆tHeff +
∑M

j=1
√
∆tWjLj

)
ψn =: L1,∆tψn.

Ding-Li-Lin, PRR 2024
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Quantum Algorithms for Lindblad Simulation

Lindblad Simulation via Hamiltonian Simulation

k-th order SDE scheme using Itô-Taylor expansion Lk,∆tψ =
k∑

j=0

(∆t)j

j! Hj
effψ +

∑
α RαLαψ

Rα =
∫ ∆t

0
∫ s|α|

0
∫ s|α|−1

0 · · ·
∫ s2

0 dWj1s1 · · · dWj|α|
s|α| , Lα =

∏|α|
i=1 Lji

E[RαRβ] = Cα,β∆t|α|+|β|−|α+|1α+=β+ , R̃α := Rα∆t−(|α|+|α0|)/2

We cannot naively define Kα =

√
E(R̃2

α)∆t(|α|+|α0|)/2Lα since E(R̃αR̃β) 6= 0

Kloeden-Platen: orthogonal random variables R̃α =
∑

α′ ̸=0 cαα′Qα′ and {Qα} are
uncorrelated and normalized, then we have
E(L |ψ〉〈ψ|L †) = F0 |ψ〉〈ψ|F∗

0 +
∑

α Fα |ψ〉〈ψ|F∗
α

Next step: construct the dilated Hamiltonian simulation

Ding-Li-Lin, PRR 2024
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Quantum Algorithms for Lindblad Simulation

Lindblad Simulation via Hamiltonian Simulation
expL∆t[ρ] =

∑Sk
j=0 FjρF∗

j +O(∆tk+1) = TrA
(

e−i
√
∆tH̃[

∣∣0〉〈0∣∣⊗ ρ(t)]ei
√
∆tH̃

)
+O(∆tk+1)

Matching the terms using asymptotic analysis!

Ding-Li-Lin, PRR 2024
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Algorithmic Applications in State-Preparation Problems

Thermal State/Ground State Problems
Given H, can we efficiently prepare the ground state H |ψ0〉 = λ0 |ψ0〉 and the Gibbs
state ρ = exp(−βH)?

The problem is QMA-hard in the worst case
For ground state problems:

Common additional assumption: good
initial state |ϕ〉 = UI

∣∣0〉 with
p0 = |〈ϕ|ψ0〉| = Ω( 1

poly(n) )

Most works (QPE, many post-QPE
methods, like quantum singular value
transformation) adopt this assumption
Good initial overlap for strongly correlated
system?

Lee-Lee-Zhai-Tong-EtAl, Nat. Commun. 2023
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Algorithmic Applications in State-Preparation Problems

Lindblad for Thermal State Preparation
Lindblad dynamics as an algorithmic tool can drive the system to the thermal state:
limt→∞ ρ(t) ≈ ρβ = exp(−βH)/Tr(exp(−βH))

(Energy basis: ρβ ∝
∑N

i=1 e−βλi |ψi〉〈ψi|)
Quantum detailed balance, and fixes the thermal state

A =
∑

i,j
〈ψi|A|ψj〉 |ψi〉〈ψj| , A(t) =

∑
i,j

ei(λi−λj)t〈ψi|A|ψj〉 |ψi〉〈ψj| (12)

L(ω) = 1√
2π

∫
R

A(t)e−iωtf(t)dt =
∑
ν

f̂(ω − ν)Aij |ψi〉〈ψj| (13)

LLj [·] = −i[Bj, ·] +
∫
R
γ(ω)

(
Lj(ω) · Lj(ω)

∗ − 1
2{Lj(ω)

∗Lj(ω), ·}
)

dω (14)

Finely-tuned coherent term, Detailed balanced weights γ(ω)/γ(−ω) ∼ e−βω
Detailed balanced Lindbladian:

∑
j LLj [ρβ ] ≈ 0

Chen-Kastoryano-Brandão-Gilyén, 2023, arXiv:2303.18224
Chen-Kastoryano-Gilyén, 2023, arXiv:2311.09207
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Algorithmic Applications in State-Preparation Problems

One-ancilla Ground State Preparation via Lindbladians
From thermal state to ground state: f̂(ω) = 0 ∀ω ≥ 0,
Notice

L =
∑
i<j

f̂(λi − λj)Aij |ψi〉〈ψj| =
∫
R

f(s)eiHsAe−iHsds (15)

where f̂(ω) =
∫
R f(s)eiωsds

One can easily verify that L[|ψ0〉〈ψ0|] = 0 (fix ground state)
〈ψi|L[|ψj〉〈ψj|]|ψi〉 = 0 for i ≥ j (forbid low to high)
〈ψi|L[|ψj〉〈ψj|]|ψi〉 6= 0 for some i < j (push high to low)
Choice of f

f̂(ω) = 1
2

(
erf

(
ω + a
δa

)
− erf

(
ω + b
δb

))
, f(s) = eias− δ2

a s2
4 − eibs− δ2

bs2
4

2πis (16)

Choice of A: local? Aij 6= 0 for as much i < j as possible?
Ding-Chen-Lin, PRR 2024

Haoen Li (Tsinghua University) Open Quantum Systems: A Mathematical Introduction, Simulations and Algorithmic ApplicationsYMSC Quantum Seminar, December, 2024 16 / 28



Algorithmic Applications in State-Preparation Problems

One-ancilla Ground State Preparation via Lindbladians

First order Trotter

ρ(∆t) = exp(LH∆t)︸ ︷︷ ︸
just exp(−iH∆t)

exp(LL∆t)ρ(0) +O(∆t2) (17)

Dilated Hamiltonian simulation for non-unitary term exp(LL∆t) (also 1st order):
exp(LL∆t)ρ = TrA(e−iL̃

√
∆t |0〉〈0| ⊗ ρeiL̃

√
∆t) +O(∆t2)

Quadrature, second order Trotter, and short-time simulations
L =

∑
f(sl)eiHslAe−iHslwl =

∑
l Ll (trapezoidal rule)

exp
(
−iL̃

√
∆t

)
=
←∏
l=1

e−iL̃l
√
∆t/2

→∏
l=M

e−iL̃l
√
∆t/2 +O(∆t3/2)

L̃l = σl ⊗ A(sl) where σl = wl(XRe f(sl) + Y Im f(sl)),
e−iL̃l

√
∆t/2 = (I ⊗ eiHsl)e−i ∆t

2 σl⊗A(sl)(I ⊗ eiHsl) (Ham.-sim. + ctrl-local)
cancellation: (I ⊗ e−iHsl+1)(I ⊗ eiHsl) = I ⊗ e−iH∆s, avoiding long Hamiltonian simulation
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Algorithmic Applications in State-Preparation Problems

Ab-Initio Eletronic Structure Problem
Full ab-initio Hamiltonian under 2nd quantization

H =
2L∑
p,q

Tpqc†pcq +
1
2

2L∑
p,q,r,s

Sp,q,r,sc†pc†qcrcs (18)

Lack geometric locality or sparsity structures, complicating the choice of Lindblad jump
operators
Simplified Hartree-Fock framework (Review Prof. Jin-Peng Liu’s first lecture)

HHF =
2L∑

p,q=1
Fpqa†paq, Fpq = hpq + Vpq[D]− Kpq[D], Dpq =

Ne∑
i=1

ΦpiΦ
∗
qi (19)

FΛ = ΛΦ, Λ = diag(εi) (20)
Ground state: |HF〉 = c†1 · · · c

†
Ne

|vac〉, (c†1, · · · , c
†
2L) = (a†1, · · · , a

†
2L)Φ�

Everything is quasi-free!
Haoen Li (Tsinghua University) Open Quantum Systems: A Mathematical Introduction, Simulations and Algorithmic ApplicationsYMSC Quantum Seminar, December, 2024 18 / 28



Algorithmic Applications in State-Preparation Problems

Solving Quasi-free and Quadratic Lindblad Dynamics
See the wonderful paper: Barthel-Zhang, J. Stat. Mech. 2022
Quadratic Hamiltonian H =

∑2L
p,q=1 Fpqa†paq

Quasi-free: linear jump operators Lp,+ =
∑M

r=1 a†r Lr,p, Lq,− =
∑M

r=1 arJq,r, Lr,p, Jq,r ∈ C

One-particle reduced density matrix (1-RDM) Pij = Tr
(
ρa†j ai

)
is a 2L by 2L matrix

The Lindblad equation
∂tρ = −i[H, ρ] +

∑
p(Lp,+ρL†

p,+ − 1
2{L†

p,+Lp,+, ρ}) +
∑

q(Lq,−ρL†
q,− − 1

2{L†
q,−Lq,−, ρ})

The equation of motion of Pij is closed!

∂tP(t) = −i[F,P(t)] + B − 1
2 [P(t)(B + C) + (B + C)P(t)] (21)

where Bij =
∑M

p=1 LipL∗
jp and Cij =

∑M
p=1 JipJ∗jp

For quadratic jump Qs =
∑

i,j(Qs)i,ja†i aj with Hermitian coefficients, we can also derive a
closed EOM for 1-RDM
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Algorithmic Applications in State-Preparation Problems

Linear Bulk Dissipation
Joint work with Yongtao Zhan (Caltech IQIM) and Lin Lin (UC Berkeley)
Bulk dissipation: AI = {a†p}2L

p=1 ∪ {ap}2L
p=1

Thouless theorem∫
R

f(s)eiHsa†pe−iHsds =
∫
R

f(s)
2L∑

r=1
a†r (eiFs)r,peiHse−iHsds =

2L∑
r=1

a†r (̂f(F))r,p =: Lp,+ (22)

∫
R

f(s)eiHsaqe−iHsds =
∫
R

f(s)
2L∑

r=1
(e−iFs)q,rareiHse−iHsds =

2L∑
r=1

ar(̂f(−F))q,r =: Lq,− (23)

f̂(ω) = 1 on [−2‖H‖2,−∆] and f̂(ω) = 0 on [0,+∞), B + C = f̂2(F) + f̂2(−F) = I
Then the EOM of 1-RDM takes the following form, with the unique stationary point
P⋆ = f̂(F)

∂tP(t) = −i[F,P(t)]− P(t) + f̂(F) (24)
Li-Zhan-Lin, 2024, arXiv:2411.01470
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Algorithmic Applications in State-Preparation Problems

Linear Bulk Dissipation

In the energy basis P̃ = Φ†PΦ =
(
Tr
(
ρc†j ci

))
1≤i,j≤2L

Λ = diag(εi) with ε1 ≤ · · · ≤ εNe ≤ 0 < εNe+1 ≤ · · · ≤ ε2L

Stationary state P̃⋆ = f̂(Λ) = diag(1, · · · , 1︸ ︷︷ ︸
Ne

, 0, · · · , 0︸ ︷︷ ︸
2L−Ne

) (achieved without explicitly

diagonalizing the 1-RDM)
‖P1(t)− P2(t)‖F = e−t‖P1(0)− P2(0)‖F, mixing time ≡ log 2
The convergence rate is universal and is independent of any chemical details or starting
point!

Li-Zhan-Lin, 2024, arXiv:2411.01470
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Algorithmic Applications in State-Preparation Problems

Quadratic Bulk Dissipation

AII = {a†i aj : 1 ≤ i, j ≤ 2L}
Jump operators are upper-triangular under the eigenbasis (cannot be Hermitian)
Lij =

∫
R eiHsa†i aje−iHsds =

∑2L
p,q=1 f̂(εp − εq)c†pcqΦ∗

ipΦjq =
∑

p<q c†pcqΦ∗
ipΦjq

orthogonal columns:∑2L
i,j=1 L∗ijLij =

∑
ij

∑
p<q

∑
r<s

c†qcpc†r csΦipΦ∗jqΦ
∗
irΦjs =

∑
p<q c†qcpc†pcq =

∑
p<q(1 − np)nq

Simularly L†L[c
†
r cs] =

∑
ij L∗ijc

†
r csLij − 1

2{L∗ijLij, c†r cs} = − 1
2 (Mr + Ms + 1)c†r cs for r 6= s

with Mk =
∑

p<k(1 − np) +
∑

q>k nq

L†L[c
†
r cr] =

∑
q>r(1 − nr)nq −

∑
p<r(1 − np)nr

EOM of 1-RDM: ∂tP̃sr =

−i (εs − εr) P̃sr − 1
2

〈
(Mr + Ms + 1) c†r cs

〉
r < s,

−i (εs − εr) P̃sr − 1
2

〈
c†r cs (Mr + Ms + 1)

〉
r > s.

∂tP̃rr = −〈Mrnr〉+
∑

q>r〈nq〉
Li-Zhan-Lin, 2024, arXiv:2411.01470
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Algorithmic Applications in State-Preparation Problems

Mean-field and Spectral Gap Analysis
mean-field qualitative analysis

mean-field approximation
diagonal ∂tP̃rr ≈ −〈Mr〉 P̃rr +

∑
q>r P̃qq and Mk � 1 for r < Ne and r > Ne + 1

off-diagonal ∂tP̃sr ≈
[
−1

2 (1 + 〈Mr + Ms〉) + i (εr − εs)
]

P̃sr and Mr + Ms � 0

spectral gap analysis

Theorem (Li-Zhan-Lin, 2024)
Let Hdp = 1

2
∑

k L∗
kLk be the frustration-free parent Hamiltonian of the ground state |ψ0〉 s.t.

[H,Hdp] = 0, then the spectral gap of L is equal to the gap of Hdp.

Type I: Hdp = 1
2
∑

p≤Ne(1 − np) +
1
2
∑

q>Ne nq, ∆L = 1
2 (number orbitals commute with H!)

Type II: Hdp = 1
2
∑

p<q(1 − np)nq, ∆L = 1
2

Li-Zhan-Lin, 2024, arXiv:2411.01470
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Algorithmic Applications in State-Preparation Problems

Conceptual Illustration

Li-Zhan-Lin, 2024, arXiv:2411.01470
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Algorithmic Applications in State-Preparation Problems

Numerical Validations

Li-Zhan-Lin, 2024, arXiv:2411.01470
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Algorithmic Applications in State-Preparation Problems

Transferability to Full Ab Initio Case
Full configuration iteraction (FCI) space

FNe = {|Ψ〉 : 〈Ψ|N|Ψ〉 = Ne} ⊂ F , dimFNe =

(
2L
Ne

)
(25)

Operator reduction using active space idea (only take r orbitals around the Fermi surface):
SI, SII, TII and starting from Hartree-Fock or low-excited Slater determinants
Even work for strongly correlated systems with TII set coupling operators

Li-Zhan-Lin, 2024, arXiv:2411.01470
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Play More with Lindbladians?

Ding-Li-Lin, 2024, arXiv:2404.05998: Efficient Gibbs samplers with detailed-balance
condition
Ding-Li-Lin-Zhang, 2024, arXiv:2410.01206: Low-Temp. Gibbs states for 2D toric code
Tamascelli-Smirne-Huelga-Plenio, PRL 2018; Park-Huang-Zhu-Yang-Chan-Lin, PRB 2024
Simulating non-equilibrium system-bath coupling dynamics via Lindbladians
Barthel-Zhang, J. Stat. Mech. 2022; Huang-Lin-Park-Zhu, 2024, arXiv:2411.08741
Understand the Lindblad/general Liouville dyanmics in quasi-free or quadratic systems
Chen-Lu-Wang-Liu-Li, 2023, arXiv:2311.15587
Using the Lindblad equation as an algorithmic tool for classical optimization
Bardet-Capel-Gao-EtAl, PRL 2023; Fang-Lu-Tong, 2024, arXiv:2404.11503
Understanding the mixing time of Lindblad dynamics for state preparation problems
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Thank You!

If you have any questions, feel free to ask!
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