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###use gaussian elimination (lu decomposition) to solve the linear system

p,1l,u = LA.lu(Hilbert_n)

3 p_inv_b_n = LA.inv(p) @ b_n

#solve ly = p~{-1} b_n
y = np.array ([0.0]*n)
y[0] = p_inv_b_n[0]
for i in range(l,n):

y[i]l = p_inv_b_n[i] - np.dot(1[il,y)

#solve uw =y

w = np.array ([0.0]*n)

3 wln-1] = y[n-1]/uln-1,n-1]

for i in range(l,n):

wln-1-i] = (y[n-1-i] - np.dot(uln-1-i],w))/uln-1-i,n-1-i]

; print ("Gaussian Elimination:{}".format (w))
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###use cholesky decomposition (LL"T decomposition) to solve the linear system (
Hilbert matrix is real-symmetric and positive-definite)

L = np.zeros((n,n)) + 0.0

for j in range(n):
L[j,j] = np.sqrt(Hilbert_n([j,jl] - np.sum(L[j][:jI**2))
for i in range(j+1,n):

L[i,j] = (Hilbert_nl[i,j] - np.dot(L[il,L[j1))/L[j,j]

#solve Ly = b
Y = np.array ([0.0]*n)
for i in range(n):

Y[i] = (b_n[i] - np.dot(L[i],Y))/L[i,i]

#solve LT x =y
W = np.array ([0.0]*n)

5 for i in range(n):

Wln-1-i] = (Y[n-1-i] - np.dot(np.transpose(L) [n-1-i],W))/L[n-1-i,n-1-1i]

7 print ("Cholesky Decomposition:{}".format (W))
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###use Tikhonov regularization to alleviate this problem

#calculate SVD of Hilbert matrix
unitary_v,sv,unitary_u_h = LA.svd(Hilbert_n)

unitary_u = np.transpose(np.conj(unitary_u_h))

#choose the value of regularization parameter

alpha = 1e-13

#use the formular x_\alpha = \sum_{j=1}"r \frac{\mu_j}{\alpha+\mu_j~2}(b,v_jlu_j to
solve (\alpha I +A~\ast A) x_\alpha = A"\ast b

x_alpha = np.array ([0.0]*n)

for j in range(n):
x_alpha += (sv[jl/(alpha+sv[jl#**2)) * np.dot(b_n,unitary_v[:,jl)*unitary_ul:,j]
#since b_n is real, so we don't need to take conjugate on b_n

print ("Tikhonov Regularization with alpha = {}:{}".format (alpha,x_alpha))

FLHOBA EEVEA GMRES 77V 22 3 A L8 (103 FH T S 68 R IE 5 1 B 1 4 1 7 R LAk AR A
A LA4r A scipy.sparse.linalg.cg fil scipy.sparse.linalg.gmres JKSZH].
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FATSEEAS n F DL S FORERTHEEIR, Ak an T

Gaussian Elimination:[1. 0.99999973 1.00000581 0.99994725 1.0002513
0.99930985

1.00113142 0.99890735 1.0005733 0.99987398]

Cholesky Decomposition:[1. 0.99999979 1.00000435 0.99996074 1.00018631
0.99949006

1.00083359 0.99919698 1.00042042 0.99990777]

Tikhonov Regularization with alpha = 1e-13:[0.99999895 1.00003359 0.99976634
1.00051595 0.99984201 0.99954939

0.99990516 1.0003973 1.00042844 0.99956138]
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Conjugate Gradient:[0.99905491 1.01004148 0.98356913 0.99197253 1.00497259
1.01246553

1.01275945 1.00673462 0.99581993 0.98135781]

GMRES : [0.99905712 1.01002942 0.98357323 0.99198118 1.00498007 1.01246976

1.01275994 1.00673155 0.99581368 0.98134884]

3 Gaussian Elimination:[1.00000001 0.9999988 1.00003148 0.99964523 1.00212776

0.99247652
1.01646108 0.97746392 1.01878886 0.99127853 1.00172782]

5 Cholesky Decomposition:[1. 1.0000005 0.99998602 1.00016657 0.99895627

1.00382384

0.99138431 1.01209046 0.98970495 1.00486672 0.99902037]

Tikhonov Regularization with alpha = 1e-13:[0.99999839 1.00004569 0.99972035
1.0005032 1.00001812 0.99957889

0.99968202 1.00012291 1.00047902 1.00036011 0.99948922]

Conjugate Gradient:[0.99871962 1.01270289 0.98173577 0.98845357 1.00232503
1.01209683

1.01526857 1.01225482 1.00423922 0.99244689 0.97792783]

GMRES : [0.99872342 1.01268348 0.98174054 0.98846631 1.0023372 1.01210505

1.01527184 1.01225316 1.00423306 0.99243678 0.97791434]

=========p=12 output=========

Gaussian Elimination:[0.99999995 1.00000625 0.99980314 1.00268238 0.9803419
1.0863264

5 0.75963619 1.43475914 0.49070736 1.37269185 0.84517164 1.02787383]

Cholesky Decomposition:[0.99999991 1.00001192 0.9996227 1.00516665 0.96197685
1.16757526

0.53195597 1.84888268 0.00320122 1.73099477 0.69574284 1.05486929]

Tikhonov Regularization with alpha = 1e-13:[0.99999843 1.00004074 0.99978005
1.00030313 1.00016239 0.99977866

0.99965303 0.99986204 1.00021238 1.00042902 1.00026026 0.99951766]

Conjugate Gradient:[0.9983419 1.01547889 0.98026301 0.98504319 0.9993116
1.01085576

1.01645098 1.01607344 1.01066316 1.00131947 0.98903473 0.97462709]

GMRES : [0.99834789 1.01544996 0.98026785 0.98506057 0.9993296 1.01086934

3 1.01645842 1.01607449 1.01065823 1.00130919 0.98901979 0.97460815]

5. Gaussian Elimination:[ 1.0000001 0.99998511 1.00055935 0.99087694 1.08055414

0.56914319
2.48542441 -2.40953937 6.26309881 -4.39845851 4.52767107 -0.32898035
1.21966517]
Cholesky Decomposition:[1.00000001 0.99999926 1.00001305 0.9999905 0.99855924
1.01473047
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0.92811585 1.20759823 0.62122357 1.44194842 0.67982367 1.13130516

0.976692561]

Tikhonov Regularization with alpha = 1e-13:[0.99999887 1.00002583 0.99988776
1.00006163 1.00022295 0.99999566

0.99975271 0.9997406 0.99995155 1.00022913 1.00037272 1.00019773

3 0.99956081]

Conjugate Gradient:[0.99792566 1.01833437 0.97912088 0.98180064 0.99609662
1.00899641

1.0166274 1.01855605 1.0154845 1.00838209 0.99817578 0.98565603

0.97146368]

GMRES : [0.99793452 1.01829367 0.97912497 0.98182299 0.99612144 1.00901666

1.01664042 1.01856121 1.0154821 1.0083728 0.99816039 0.98563533

0.97143841]

Gaussian Elimination:[ 0.99999979 1.00002968 0.99898174 1.01500502 0.88273988
1.53469178
-0.46182084 3.2476614 -0.16547059 -1.25538075 6.16392178 -3.69339978

3 3.12931551 0.60372523]

Cholesky Decomposition:[ 0.99999998 1.00001108 0.99927741 1.01726472
0.79199032

2.46831515 -5.59195461 20.71454321 -39.19431501 57.09904841

-51.74820055 32.94508998 -10.25306992 2.752 ]

Tikhonov Regularization with alpha = 1e-13:[0.9999994 1.00000976 0.99999186
0.99986201 1.00022604 1.00016224

0.99988533 0.99972024 0.99978283 1.00001161 1.00025903 1.00035937

1.00016538 0.999563 ]

Conjugate Gradient:[0.99747455 1.02124215 0.97827755 0.97875745 0.99279231
1.00670332

1.01603848 1.01998305 1.01900949 1.01395594 1.0056789 0.99493491

0.98235248 0.96843805]

3 GMRES: [0.99748703 1.02118739 0.97827992 0.97878492 0.9928248 1.00673147

1.01605848 1.01999376 1.01901101 1.01394891 1.00566421 0.99491346

5 0.98232515 0.96840563]

7 Gaussian Elimination:[ 0.99999994 1.00001347 0.9993301 1.01376439
0.85155006
1.9486106 -2.83210013 11.07173484 -16.1203244 18.60729986
-6.9830423 -2.65817475 8.21445309 -2.87867698 1.76556238]
Cholesky Decomposition: [ 1.00000029 0.99998491 0.99947145 1.02864101
0.53323464

4.97679219 -19.74540975 72.3880854 -167.45645604 278.30849724
-317.35158929 250.96421455 -126.99847801 39.52159387 -4.16858238]
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73 Tikhonov Regularization with alpha = 1e-13:[0.99999992 0.99999494 1.00008198
0.99970795 1.00019802 1.00028126
74 1.00001746 0.99975503 0.9996895 0.99983335 1.00008859 1.00031472

~

5 1.00037119 1.00013848 0.99952568]

76 Conjugate Gradient:[0.99699193 1.02418119 0.97770207 0.97592798 0.98947556
1.00411194

77 1.01486688 1.02057197 1.02147958 1.01829748 1.01180867 1.00273126

78 0.99167669 0.97914703 0.96554649]

79 GMRES: [0.99700883 1.02411009 0.97770156 0.97596053 0.98951642 1.00414913

50 1.01489521 1.02058965 1.02148643 1.01829409 1.01179595 1.00271023

g1 0.99164833 0.97911226 0.96550617]

AT EBHIDENREA 2K, BN e = Iz, sz,
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Gauss JH2¢ Cholesky 73fi# Tikhonov 1EM{L  JLHEEREYE  GMRES 7%

l2

n =10 0.0006 0.0004 0.0003 0.0109 0.0109
n =11 0.0108 0.0058 0.0003 0.0125 0.0125
n =12 0.2376 0.4648 0.0003 0.0141 0.0141
n =13 2.5589 0.1976 0.0002 0.0156 0.0156
n =14 2.1928 25.5365 0.0002 0.0170 0.0170
n =15 7.5937 139.6530 0.0002 0.0184 0.0184

ME R LA, WRABIENLL, U Gauss 7§ 2:9% 81 Cholesky 4 fik HAE n = 10 Al
n =11 R BT R, 2 n > 12 B, SR IZIBEATE, BT n=15, RECLIER
Ko MM T Tikhonov IEMLZJG, WIXHF n =10,11,--- 15 #AEH ISR SR X
g RAMAEE Y, EEAE =LA R ST T ALERR VAR GMRES %, PRk
ROJLT5eae—8, BEMRERCE 1%-2% 4 GEMMHRE ¢ id), MR EEhaE
LA R XU, AR E R OROEIE) X9 2500 T fe 19 RS Wl 1 45
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